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a b s t r a c t

Linear canonical transforms (LCTs) are a family of integral transforms with wide
application in optical, acoustical, electromagnetic, and other wave propagation problems.
The Fourier and fractional Fourier transforms are special cases of LCTs. In this paper, we
extend the uncertainty principle for hypercomplex signals in the linear canonical trans-
form domains, giving the tighter lower bound on the product of the effective widths of
complex paravector- (multivector-)valued signals in the time and frequency domains. It is
seen that this lower bound can be achieved by a Gaussian signal. An example is given to
verify the result.

Crown Copyright & 2013 Published by Elsevier B.V. All rights reserved.
1. Introduction

Uncertainty principle in the time–frequency plane
plays an important role in signal processing [14,17,22,23,
32,38,44,45,47,54,55,60]. This principle states that for a
given unit energy signal f(t) with Fourier transform

f̂ ðωÞ≔ 1ffiffiffiffiffiffi
2π

p
Z 1

�1
f ðtÞe�iωt dt;

the product of spreads of the signal in time domain and
frequency domain is bounded by a lower bound:

s2t s
2
ωZ

1
4
; ð1Þ

where st and sω are the duration and bandwidth of
a signal f(t) defined by

s2t ≔
Z 1

�1
ðt�〈t〉Þ2jf ðtÞj2 dt
013 Published by Elsevier B
and

s2ω≔
Z 1

�1
ðω�〈ω〉Þ2jf̂ ðωÞj2 dω;

respectively. Here

〈t〉≔
Z 1

�1
tjf ðtÞj2 dt

is the mean time and

〈ω〉≔
Z 1

�1
ωjf̂ ðωÞj2 dω

is the mean frequency. Without loss of generality, let
〈t〉¼ 0 and 〈ω〉¼ 0, then the essence of uncertainty princi-
ple (1) will not be affected. The reason is that the standard
derivation does not depend on the mean because it is
defined as the broadness about the mean [10,18]. Conse-
quently, Eq. (1) becomesZ 1

�1
t2jf ðtÞj2 dt

� � Z 1

�1
ω2jf̂ ðωÞj2 dω

� �
Z

1
4
:

For the importance of uncertainty principle in physics
[1,10,28–30,39,40,51,56,59], there are many efforts to extend
it to various types of functions and integral transformations.
.V. All rights reserved.
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The linear canonical transform (LCT) being a generalization
of the Fourier transform (FT), the fractional Fourier transform
(FrFT) and the Fresnel transform [48,44], was first proposed
in the 1970s by Moshinsky and Collins [13,43]. It is an
effective processing tool for chirp signal analysis, such as
the LCT filtering [21,49,58], the parameter estimation and
sampling progress for non-bandlimited signals with non-
linear Fourier atoms [37]. The windowed LCT [35], with a
local window function, can reveal the local LCT-frequency
contents, and it enjoys high concentrations and elimi-
nates cross terms. The analogue of the Poisson summation
formula, sampling formulas, series expansions and Paley–
Wiener theorem is studied in [35,36]. Serving as a powerful
analyzing tool, LCT has been widely used in many fields
such as optics and signal processing [3,43,50,57]. Recently,
researchers discussed the uncertainty relations for FrFT
[44,49,54] and LCT [36,55,53,56] and tried to derive sharp
uncertainty principle bounds for them. A stronger uncer-
tainty principle in LCT involving the phase derivative of the
signal was discussed in [15].

In view of numerous applications, one is particularly
interested in higher dimensional analogues to Euclidean
space Rn. Higher dimensional extensions of the LCT have
been studied, for instance, in [33,34]. The LCT is first
extended to the Clifford algebra Cl0,m (see the notation in
Section 2) in [34]. It is used to study the generalized
prolate spheroidal wave functions and the connection with
energy concentration problems [34]. The present work
develops the definition of LCT (see Definition 3.1 in Section
3) which uses the imbedding of Rm into the (complex)
Clifford algebra Cl0,m. The Clifford algebra Cl0,m provides
Rm with a global complex structure in analogy with the
imbedding of R into the complex plane C. Under this frame
we present in this note the precise analogue of the
classical Heisenberg uncertainty principles in linear cano-
nical domains which have been targeted by others.

In Hamiltonian quaternion analysis some papers com-
bined the uncertainty relations and the quaternionic Fourier
transforms (QFTs) [2,7,25,46]. Due to the non-commutative
property of multiplication of quaternions, there are differ-
ent types of QFTs: double-sided (two-sided) QFT, left-sided
QFT and right-sided QFT. The QFT plays a vital role in the
representation of hypercomplex signals. It transforms a real
(or quaternionic) 2D signal into a quaternion-valued fre-
quency domain signal. The four components of the QFT
separate four cases of symmetry into real signals instead of
only two as in the complex Fourier transform. In [52] the
authors used the QFT to proceed color image analysis. The
paper [6] implemented the QFT to design a color image
digital watermarking scheme. The QFT are applied to image
pre-processing and neural computing techniques for speech
recognition [5]. It is well-known that the Plancherel theo-
rem is not valid for the double-sided or the left-sided QFT
[2]. For this reason, many studies focus on the right-sided
QFT. In [19,20], certain asymptotic properties of the (right-
sided) QFT are analyzed and generalizations of classical
Bochner–Minlos theorems to the framework of quaternio-
nic analysis are derived. The uncertainty principle for the
(right-sided) QLCT, the generalization of the (right-sided)
QFT in the Hamiltonian quaternion algebra, is recently
derived in [33]. In 2010, Hitzer [25] studied the 7split of
quaternions and its effects on the double-sided QFT. Based
on this he formulated the directional uncertainty principle
for QFT of quaternion-valued 2D signal. The QFT belongs
to the growing family of Clifford Fourier transformations.
But the left and right placement of the exponential factors
in quaternion Fourier kernel distinguishes it. Therefore
the (double-sided) QFT [25] is not the special case of
Clifford FT [26].

In Clifford algebra, Hitzer et al. [26,27,41,42] investigated
a directional uncertainty principle for the Clifford Fourier
transform, which describes how the variances (in arbitrary
but fixed directions) of a multivector-valued function and its
Clifford Fourier transform are related. In [26,27], the research
was studied for the Clifford- (Cl0;m;m¼ 2;3 (mod 4)-)valued
signals, while the latter [41,42] focused on the octonion-
(Cl0;3-)valued signals. Using the scalar-valued phase deriva-
tive of hypercomplex signals [62], two uncertainty principles,
of which one is for scalar-valued hypercomplex signals and
the other is for axial form hypercomplex signals, for Fourier
transforms were studied in [61]. To the best of our knowl-
edge, a systematic work on the investigation of uncertainty
relations using the LCT of a paravector- (multivector-)valued
function has not been carried out yet.

In the present work, we study the LCT in Euclidean
space which transforms a paravector-valued space signal
into a complex paravector-valued frequency signal. Some
important properties of the LCT are analyzed. Two uncer-
tainty principles for the LCT of complex multivector-valued
signals are established. These uncertainty principles pre-
scribe the lower bounds on the products of the effective
widths of complex multivector-valued signals in the
space and frequency domains. The main motivation of
the present study is to develop further general methods
for time–frequency analysis, developing sampling theory
in the m-D case, filter design, signal synthesis and optics in
the Clifford algebra. We note that the present theory for
the paravector- (multivector-)valued signals can also be
generalized to the complex Clifford- (Cl0,m-)valued signals
without difficulties.

The article is organized as follows. In Section 2 we provide
the basic knowledge of Clifford algebra used in the paper.
Then the LCT of complex paravector-valued signal is intro-
duced and studied in Section 3. Some important properties
such as Parseval theorem are obtained. They are necessary to
prove the uncertainty principle in the LCT domain. In Section
4 we formulate and prove the classical Heisenberg uncer-
tainty principles for the LCT of complex paravector-valued
signal. These principles prescribe lower bounds on the
products of the effective widths of paravector-valued signals
in the time and frequency domains. We give an example to
verity the result in Section 5. Some conclusions are drawn in
Section 6.

2. Clifford algebra

The theory of Clifford algebras is intimately connected
with the theory of quadratic forms and orthogonal trans-
formations. They generalize the real numbers, complex
numbers, quaternions and several other hypercomplex
number systems [11,12]. Clifford algebras have important
applications in a variety of fields including geometry,
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theoretical physics and digital image processing. They
are named after the English geometer William Kingdon
Clifford [11,12]. In the present section, we begin by
reviewing some definitions and basic properties of Clifford
algebra [9,16].

For all what follows we will work in Rm (Cm), the usual
Euclidean space (several complex variables space). This
means we can express each element xARmðCmÞ uniquely
in the form:

x ¼ x1e1þ⋯þxmem; xjARðCÞ ðj¼ 1;2;⋯;mÞ
where the units e1;…; em are basic elements of RmðCmÞ
satisfying

e2i ¼�1 and ejei ¼�eiej; ia j; ði; j¼ 1;2;⋯;mÞ:
The real (complex) Clifford algebra generated by

e1; e2;…; em, denoted by Cl0, m, is the associative algebra
over the real (complex) field R ðCÞ. Clearly, it is non-
commutative. A general element in Cl0, m, therefore, is
of the form x¼∑SxSeS, xSAR ðCÞ and eS ¼ ei1ei2⋯eil ,
and S runs over all the ordered subsets of f1;2;…;mg,
namely S¼ f1r i1o i2o⋯o ilrmg; 1r lrm. The con-
jugation of eS is defined by eS≔eil⋯ei1; e j ¼�ej. So the
Clifford conjugate of a vector xARm is x ¼�x, while
the Clifford conjugate of a complex vector xACm is x ¼
�x1e1�⋯�xmem.

The real (complex) paravector space Rmþ1ðCmþ1Þ is the
linear subspace defined by

Rmþ1ðCmþ1Þ≔spanRðCÞf1; e1;…; emg � Cl0;m;

with elements of the form x≔x0þx; x0ARðCÞ and xA
RmðCmÞ. The scalar and vector parts of x, Sc ðxÞ and Vec
ðxÞ, are defined as the x0 and x terms, respectively. We shall
always assume the paravector 0þ0e1þ⋯þ0em≔0 to be
the neutral element of addition in the sequel.

The multiplication of two complex paravectors x¼ x0þx,
y¼ y0þyACmþ1 is given by

xy¼ ðx0þxÞðy0þyÞ ¼ x0y0þx0yþy0xþxy:

In particular, for y¼ x ¼ x0 þxACmþ1, we have

xx ¼ x0x0 þx0xþx0xþxx
¼ ðx0x0 þx � x Þþðx0xþx0xÞþx4x ;

where x � x ¼ x1x1 þx2x2 þ⋯þxmxm and x4x ¼ ∑ka jxkxj
ekej . There are three parts, the scalar part x0x0 þx � x, the
vector part x0xþx0x and the bi-vector part x4x .

Unlike in the complex case, the norm jxj of xACmþ1 is
defined by

jxj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ScðxxÞ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ScðxxÞ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx0j2þjx1j2þ⋯þjxmj2

q
:

Let us make a notation convention. We say that

f : Rm-Cmþ1; f ðxÞ ¼ ½f ðxÞ�0þ½f ðxÞ�1e1þ⋯þ½f ðxÞ�mem
ia a complex paravector-valued function or, briefly, an
Cmþ1-valued function, where the components [f]l (l¼0,
1,…,m) are complex-valued functions defined in Rm.
Continuity, differentiability, integrability, and so on, which
are ascribed to f are defined componentwise. We will work
with both the real- (respectively, complex-)linear Hilbert
space of square integrable Rmþ1- (Cmþ1-)valued func-
tions defined in Rm, that we denote by L2ðRm;Rmþ1Þ
ðL2ðRm;Cmþ1ÞÞ. In this assignment, the inner products are
defined by

〈f ; g〉L2ðRm ;Rmþ 1Þ≔
Z
Rm

f ðxÞgðxÞ dx

and

〈f ; g〉L2ðRm ;Cmþ 1Þ≔
Z
Rm

Scðf ðxÞgðxÞÞ dx: ð2Þ

Remark 2.1. We use different inner products for functions
in L2ðRm;Rmþ1Þ and L2ðRm;Cmþ1Þ. The reason is that, for
the real paravector-valued function f, the product f f is
real-valued. Then the norm can be defined as the usual L2

norm as J f J L2ðRm ;Rmþ 1Þ ¼ 〈f ; f 〉. While, for the complex
paravector-valued function f, the product f f in general is
no longer real-valued. In order to satisfy the properties of
norm, we adapt the scalar part to define the inner product
in L2ðRm;Cmþ1Þ.

Denote the module by

L1ðRm;Cmþ1Þ≔ff : Rm-Cmþ1j
�J f J L1ðRm ;Cmþ 1Þ ¼

Z
Rm

jf ðxÞj dxo1g:

If f AL1ðRm;Cmþ1Þ, then the Clifford Fourier transform of
f is defined by

F f
� �ðξÞ≔ 1ffiffiffiffiffiffiffiffiffiffiffiffi

ð2πÞm
p Z

Rm
f ðxÞe�i〈x ;ξ〉dx ð3Þ

where 〈x; ξ〉≔x1ξ1þ⋯þxmξm is the usual inner product
in Euclidean space Rm. The well-known Plancherel theo-
rem for Fourier transform of square integrable signals
f AL2ðRm;Cmþ1Þ holdsZ
Rm

Scðf ðxÞgðxÞÞ dx ¼
Z
Rm

ScðFff gðξÞFfggðξÞÞ dξ:

If f¼g, the Parseval theorem is obtained:Z
Rm

jf ðxÞj2dx ¼
Z
Rm

jFff gðξÞj2dξ: ð4Þ

To simplify matters further we shall study the unit energy
Cmþ1-valued signals, that is J f J L2ðRm ;Cmþ 1Þ ¼ 1.

Remark 2.2. In [26], the (real) Clifford Fourier transform
has an isomorphism with the classical Fourier transform
(3) in Euclidean space Rm. The reason is that its Clifford
Fourier kernel e�in〈x ;ξ〉 ðin ¼ e1e2⋯emÞ can commute with
every element of Cl0;m;m¼ 3ðmod 4Þ. The Clifford Fourier
transform [26] maps real Clifford-valued space signals into
real Clifford-valued frequency signals. While the Fourier
transform (3) maps real Clifford-valued space signals into
complex Clifford-valued frequency signals.

3. Linear canonical transforms of hypercomplex
signals

The LCT, being a classical object of analysis, occupies
a special place in signal processing and optics [57,58,49].
It has more degrees of freedom and is more flexible than the
FT and the FrFT, but with similar computation cost as the
conventional FT [24,31]. Due to the mentioned advantages,
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it is natural to extend it to higher dimensional spaces. Higher
dimensional extensions of the LCT has been studied in
[33,34]. We use the special case of the LCT in [34].

Definition 3.1. Let

A¼ a b

c d

� �
AR2�2

be a matrix parameter such that detðAÞ ¼ 1. The LCTs of
hypercomplex signals f AL1ðRm;Cmþ1Þ are defined by

L f
� �ðuÞ≔

1ffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞmbı

p R
Rm f ðxÞeiðða=2bÞx2�ð1=bÞ〈x ;u〉þðd=2bÞu2Þdx; ba0;ffiffiffi

d
p

eiðcd=2Þu
2
f ðduÞ; b¼ 0:

8<
:

and, if Lff gAL1ðRm;Cmþ1Þ, the inverse LCTs are defined by

L�1 f
� �ðuÞ≔ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�ð2πÞmbı
p R

Rm f ðxÞe�iðða=2bÞx2�ð1=bÞ〈x ;u〉þðd=2bÞu2Þdx; ba0;ffiffiffi
d

p
eiðcd=2Þu

2
f ðduÞ; b¼ 0:

8<
:

Note that for b¼0 the LCT of a signal is essentially a chirp
multiplication and it is of no particular interest for our
objective in this work. Hence, without loss of generality, we
set ba0 in the following sections unless stated. Therefore

Lff gðuÞ ¼
Z
Rm

f ðxÞKðx;uÞ dx ð5Þ

with the kernel function

Kðx;uÞ≔ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞmbı

p eiðða=2bÞx
2�ð1=bÞ〈x ;u〉þðd=2bÞu2Þ dx; ba0:

ð6Þ
It is significant to note that when a¼d¼0, b¼1, the LCT

of f reduces to the FT of f in Rm. That is

L f
� �ðuÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2πÞmi
p Z

Rm
f ðxÞe�i〈x ;u〉 dx ¼ 1ffiffi

i
p F f

� �ðuÞ;
where Fff g is the FT of f given by (3).

Furthermore, they have the following close relationship.

Lemma 3.1. Let

A¼ a b

c d

� �
AR2�2

be a matrix parameter such that detðAÞ ¼ 1 and ba0. Let
f AL1ðRm;Cmþ1Þ, then

L f
� �ðuÞ ¼ 1ffiffiffiffi

bı
p eiðd=2bÞu

2
F f ðxÞeiða=2bÞx2
n o u

b

� �
: ð7Þ

Proof. By the definition of Lff g in (5), a direct computation
shows that

L f
� �ðuÞ ¼ Z

Rm
f ðxÞKðx;uÞ dx

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞmbı

p Z
Rm

f ðxÞeiðða=2bÞx2�ð1=bÞ〈x ;u〉þðd=2bÞu2Þ dx

¼ 1
bı
eiðd=2bÞu

2 1ffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞm

p Z
Rm

f ðxÞeiða=2bÞx2
� �

e�i〈x ;u=b〉 dx

¼ 1ffiffiffiffi
bı

p eiðd=2bÞu
2
F f ðxÞeiða=2bÞx2
n o u

b

� �
:

Therefore the result (7) follows. □
Remark 3.1. Since the classical FT (3) is the special case of
LCT (5) and the (real) Clifford FT [26] has an isomorphism
with the FT (3), the present definition of LCT (5) gener-
alizes the (real) Clifford FT [26].

We then establish the Plancherel theorem for LCT of
hypercomplex signals.

Theorem 3.1 (Plancherel theorem). If f 1; f 2AL2ðRm;Cmþ1Þ,
then

〈f 1; f 2〉L2ðRm ;Cmþ 1Þ ¼ 〈Lff 1g; Lff 2g〉L2ðRm ;Cmþ 1Þ:

Particularly, if f 1 ¼ f 2 ¼ f , then the Parseval theorem is
obtained. That is

J f J L2ðRm ;Cmþ 1Þ ¼ JLff gJ L2ðRm ;Cmþ 1Þ:

Proof. By the inner product (2) and (7) in Lemma 3.1,
we have

〈Lff 1g; Lff 2g〉L2ðRm ;Cmþ 1Þ ¼
Z
Rm

Sc Lff 1gðuÞLff 2gðuÞ
� �

du

¼
Z
Rm

Sc
1ffiffiffiffiffi
bi

p eiðd=2bÞu
2
F f 1ðxÞeiða=2bÞx

2
n o u

b

� �	 
�

� 1ffiffiffiffiffi
bi

p eiðd=2bÞu2F f 2ðxÞeiða=2bÞx2� � u
b

� �	 
!
du:

Since the complex value ð1=
ffiffiffiffiffi
bi

p
Þeiða=2bÞx2

computes with
any paravector-valued signals, the above becomes

〈Lff 1g; Lff 2g〉L2ðRm;Cmþ 1Þ

¼
Z
Rm

Sc F f 1ðxÞeiða=2bÞx
2

n o u
b

� �
F f 2ðxÞeiða=2bÞx2� � u

b

� �� �
d

u
b

� �

¼
Z
Rm

Sc ½f 1ðxÞeiða=2bÞx
2 �½f 2ðxÞeiða=2bÞx2 �

� �
dx

¼
Z
Rm

Sc f 1ðxÞf 2ðxÞ
� �

dx ¼ 〈f 1; f 2〉L2ðRm;Cmþ 1Þ;

where we have used the Plancherel theorem of Fourier
transforms of f in L2ðRm;Cmþ1Þ. □

Theorem 3.1 shows that the total signal energy com-
puted in the time domain equals to the total signal energy
in the frequency domain, and the change of domains for
convenience of computation.

To proceed with, we prove the following partial deriva-
tive properties.

Lemma 3.2. For k¼ 1;…;m, if f and ∂f =∂xkAL1ðRm;Cmþ1Þ,
then

F
∂
∂xk

½f ðxÞeiða=2bÞx2 �
� �

ðuÞ ¼ iukF f ðxÞeiða=2bÞx2
n o

ðuÞ: ð8Þ

Proof. Applying the integration by parts and complex
value �iuk computes with any paravector-valued signals,
we obtain

F
∂
∂xk

½f ðxÞeiða=2bÞx2 �
� �

ðuÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞm

p Z
Rm

∂
∂xk

½f ðxÞeiða=2bÞx2 �e�i〈x ;u〉 dx

¼� 1ffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞm

p Z
Rm

ð�iukÞf ðxÞeiða=2bÞx
2
e�i〈x ;u〉 dx
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¼ iukFff ðxÞeiða=2bÞx
2 gðuÞ: □

Lemma 3.3. For k¼ 1;…;m, suppose f AL1ðRm;Cmþ1Þ,
ukLff g xkf and ∂f =∂xkAL2ðRm;Cmþ1Þ, thenZ
Rm

u2
k L f
� �ðuÞj2 du ¼ b2

Z
Rm

∂
∂xk

f ðxÞ�i
a
b
xkf ðxÞ 2 dx:


 ð9Þ

Proof. By (7) in Lemma 3.1, we haveZ
Rm

u2
k L f
� �ðuÞj2 du

¼
Z
Rm

u2
k

1ffiffiffiffiffi
bi

p eiðd=2bÞu
2
F f ðxÞeiða=2bÞx2
n o uk

b

� �

2

du

¼ b2
Z
Rm

uk

b
eiðd=2bÞu

2
F f ðxÞeiða=2bÞx2
n o u

b

� � 2d u
b

� �

¼ b2
Z
Rm

jtkFff ðxÞeiða=2bÞx
2 gðt Þj2 dt

¼ b2
Z
Rm

jitkFff ðxÞeiða=2bÞx
2 gðt Þj2 dt :

Applying (8) in Lemma 3.2 and Parseval theorem of Fourier
transform of ∂=∂xk½f ðxÞeiða=2bÞx2 �, we obtainZ
Rm

u2
k jL f
� �ðuÞj2 du ¼ b2

Z
Rm

F
∂
∂xk

½f ðxÞeiða=2bÞx2 �
� �

ðt Þ



2

dt

¼ b2
Z
Rm

∂
∂xk

½f ðxÞeiða=2bÞx2 �



2

dx

¼ b2
Z
Rm

∂
∂xk

f ðxÞ�i
a
b
xkf ðxÞ



2

dx: □

Lemma 3.4. If f and gAL2ðRm;Cmþ1Þ, the Schwarz's inequa-
lity holds

1
4

Z
Rm

Sc f gþgf
� �

dx
� �2

r J f J2 JgJ2: ð10Þ

Proof. For any real number ε, we have

0r J f þεgJ2

¼
Z
Rm

Sc ðf þεgÞðf þεgÞ
� �

dx

¼
Z
Rm

Scðf f Þ dxþε

Z
Rm

Sc f gþgf
� �

dxþε2
Z
Rm

Sc ggð Þ dx:

Then we haveZ
Rm

Scðf gþgf Þ dx
� �2

�4
Z
Rm

Sc f f
� �

dx
� � Z

Rm
Sc ggð Þ dx

� �
r0:

Then

1
4

Z
Rm

Scðf gþgf Þ dx
� �2

r J f J2 JgJ2:

This completes the proof of (10). □

Remark 3.2. For the complex-valued functions f and g, we
have

1
4

Z
Rm

Scðf gþgf Þdx
� �2

¼ 1
4

Z
Rm

Scðf gþ f g Þ dx
� �2
¼
Z
Rm

Scðf gÞ dx
� �2

r J f J2 JgJ2:

That is

Scðf gþgf Þ ¼ 2Scðf gÞ:
While in the complex paravector-valued functions f and g,
we have

Scðf gþgf Þa2Scðf gÞ:

We are now in the heart of the matter.

4. Uncertainty principles

In signal processing much effort has been placed in
the study of the classical Heisenberg uncertainty principle
during the last years. To our knowledge, a systematic work
on the investigation of uncertainty relations using the LCT
of hypercomplex signal is not carried out.

In the following we explicitly prove and generalize the
classical uncertainty principle to Clifford module functions
using the LCTs. We also give an explicit proof for Gaussian
signals (Gabor filters) to be indeed the only signals that
minimize the uncertainty.

First, we assume signals that have zero mean spaces:

0¼ 〈xk〉≔
Z
Rm

xkjf ðxÞj2 dx ð11Þ

and

0¼ 〈x〉≔
Z
Rm

xjf ðxÞj2 dx: ð12Þ

Furthermore, zero mean frequencies:

0¼ 〈uk〉≔
Z
Rm

ukjLff gðuÞj2 du ð13Þ

and

0¼ 〈u〉≔
Z
Rm

ujLff gðuÞj2 du ð14Þ

Let us now begin the proofs of two uncertainty relations.

Theorem 4.1. For k¼ 1;…;m, suppose unit energy signal
f AL1ðRm;Cmþ1Þ, ukLff g, xkf and ∂f =∂xkAL2ðRm;Cmþ1Þ, thenZ

Rm
x2k jf ðxÞj2 dx

� � Z
Rm

u2
k jLff gðuÞj2 du

� �
Z

b2

4
ð15Þ

and equality is achieved when

f ðxÞ ¼ C0 exp �1
2
ðα1x21þ⋯þαmx2mÞ

� �
; ð16Þ

where αk are positive real constants and C0 ¼ ðα1⋯αm=π2Þ1=4.

Proof. Applying (9) in Lemma 3.3, and Schwarz's inequal-
ity (10), we haveZ

Rm
x2k jf ðxÞj2 dx

� � Z
Rm

u2
k jLff gðuÞj2 du

� �

¼ b2
Z
Rm

xkf ðxÞ 2 dx
 � Z

Rm

∂
∂xk

f ðxÞ�i
a
b
xkf ðxÞ 2 dx

 �
�

�
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Z
b2

4

Z
Rm

Sc xkf ðxÞ
∂
∂xk

f ðxÞ�i
a
b
xkf ðxÞ

	 
 
þ ∂

∂xk
f ðxÞ�i

a
b
xkf ðxÞ

	 

xkf ðxÞ

�
dx

2

: ð17Þ

By direct calculation,Z
Rm

Sc xkf ðxÞ
∂
∂xk

f ðxÞ�i
a
b
xkf ðxÞ

	 
 
þ ∂

∂xk
f ðxÞ�i

a
b
xkf ðxÞ

	 

xkf ðxÞ

�
dx


¼
Z
Rm

Sc f ðxÞ ∂
∂xk

ðf ðxÞÞxkþi
a
b
x2k f ðxÞf ðxÞ

	 
�
þ ∂

∂xk
ðf ðxÞÞf ðxÞxk�i

a
b
x2k f ðxÞf ðxÞ

	 
�
dx


¼
Z
Rm

Sc
∂
∂xk

ðxkf ðxÞf ðxÞdxÞ�
Z
Rm

f ðxÞj2
 �

dx
� 


¼ 1: ð18Þ

The first term of (18) is a perfect differential and integrates
to zero. The second term gives one half since we assume
the signal is unit energy. Therefore we have the result (15)
follows.
Since the minimum value for the uncertainty product

is b2/4, we can ask what signals have that minimum value.
The Schwarz's inequality (17) becomes an equality when
the two functions are proportional to each other. Hence
we take

�Cxkf ðxÞ ¼
∂
∂xk

f ðxÞ�i
a
b
xkf ðxÞ;

where C is an arbitrary constant. Solving this differential
equation, we get

f ðxÞ ¼ C0 exp �1
2

C1�i
a
b

� �
x21þ⋯þ Cn�i

a
b

� �
x2n

h i� �
;

where C0 is a constant of integration. In order to make
f AL1ðRm;Cmþ1Þ, Ck can be chosen such that

αk≔Ck�i
a
b
;

where αk is positive real constant.

f ðxÞ ¼ C0 exp �1
2ðα1x21þ⋯þαmx2mÞ

� �
; ð19Þ

The value of C0 can be found out by noting that f must be
unit norm. That is

C0≔
α1⋯αm

π2

� �1=4
:

Thus, f ðxÞ given in (19), which satisfies the Cauchy–
Schwarz inequality (17), turns out to be a Gaussian func-
tion and the theorem is proved. □

Since the Gaussian function f ðxÞ of (19) achieves the
minimum width-bandwidth product, it is theoretically
a very good prototype wave form. One can therefore
construct a basic wave form using spatially or frequency
scaled versions of f ðxÞ to provide multiscale spectral
resolution. In quaternion analysis, such a wavelet
basis construction derived from a Gaussian function
prototype wave form has been realized, for example, in
the quaternionic wavelet transforms in [4]. The optimal
space-frequency localization is also another reason why
2D Clifford–Gabor bandpass filters were suggested in [8].

We now derive a new directional uncertainty principle
for complex paravector-valued signals subject to the linear
canonical transformation.

Theorem 4.2. For k¼ 1;…;m, suppose f AL1ðRm;Cmþ1Þ,
ukLff g, xkf and ∂f =∂xkAL2ðRm;Cmþ1Þ, thenZ

Rm
jxj2jf ðxÞj2 dx

� � Z
Rm

juj2jLff gðuÞj2 du
� �

Z
b2m2

4
: ð20Þ

and equality is achieved when f is a Gaussian function, i.e.,

f ðxÞ ¼ C0 exp �1
2
ðα1x21þ⋯þαmx2mÞ

� �
; ð21Þ

where αk are positive real constants and C0 ¼ ðα1⋯αm=π2Þ1=4.

Proof. Applying (9) in Lemma 3.3, we haveZ
Rm

jxj2jf ðxÞj2 dx
� � Z

Rm
juj2jLff gðuÞj2 du

� �

¼
Z
Rm

∑
m

k ¼ 1
x2k jf ðxÞj2 dx

 ! Z
Rm

∑
m

j ¼ 1
u2
j jLff gðuÞj2 du

 !

¼ b2
Z
Rm

∑
m

k ¼ 1
jxkj2jf ðxÞj2

 !
dx
Z
Rm

∑
m

j ¼ 1

 ∂∂xjf ðxÞ�i
a
b
xjf ðxÞ


2

 !
dx

Zb2

Z
Rm

∑
m

k ¼ 1
jxkj2jf ðxÞj2

 !1=2

∑
m

j ¼ 1

 ∂∂xjf ðxÞ�i
a
b
xjf ðxÞ


2

 !1=2

dx


2

ð22Þ
where we have used the Schwarz inequality of square
integrable real value signals. For i¼1,…,m, the Schwarz
inequality of paravector-numbers si and ti is given by

1
2

∑
m

i ¼ 1
Sc siti þtisi
� � 2r ∑

m

j ¼ 1
jsjj2

 !
∑
m

k ¼ 1
jtkj2

 !
:


 ð23Þ

Equality holds if and only if sk and tk are linearly depen-
dent. One has

∑
m

k ¼ 1
x2k jf ðxÞj2

 !1=2

∑
m

j ¼ 1

 ∂∂xjf ðxÞ�i
a
b
xjf ðxÞ


2

 !1=2

Z
1
2

∑
m

k ¼ 1
Sc xkf ðxÞ

∂
∂xk

f ðxÞ�i
a
b
xkf ðxÞ

� � 

þ ∂
∂xk

f ðxÞ�i
a
b
xkf ðxÞ

� �
xkf ðxÞ
� ��

¼ 1
2

∑
m

k ¼ 1
Sc xkf ðxÞ

∂
∂xk

f ðxÞ
� �

þ ∂
∂xk

ðf ðxÞÞxkf ðxÞ
� �

¼ 1
2

∑
m

k ¼ 1
Sc

∂
∂xk

ðxkf ðxÞf ðxÞÞ�f ðxÞf ðxÞ
� �

: ð24Þ

Therefore (22) becomesZ
Rm

jxj2jf ðxÞj2dx
� � Z

Rm
juj2jLff gðuÞj2 du

� �
Z

b2m2

4
:

We finally show that equality in (22) and (24) are satisfied
if and only if f is a Gaussian function given by (21).
Schwarz's inequality (10) of real valued signals becomes

an equality when the two functions are proportional to
each other. Hence we have

�Ckxkf ðxÞ ¼
∂
∂xk

f ðxÞ�i
a
b
xkf ðxÞ;
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where Ck is an arbitrary constant. Solving this differential
equation, we get

f ðxÞ ¼ C0 exp �1
2
ðα1x21þ⋯þαmx2mÞ

� �
;

where αk are positive real constant and

C0≔
α1⋯αm

π2

� �1=4
:

Thus, f ðxÞ given by (21), which satisfies the Cauchy–
Schwarz inequality (17), turns out to be a Gaussian func-
tion and the theorem is proved. □

When a¼0, b¼1, we have

Corollary 4.1. For k¼ 1;2;…;m, if f AL1ðRm;Cmþ1Þ; xkf
and ∂f =∂xkAL2ðRm;Cmþ1Þ, then
Z
Rm

jxj2jf ðxÞj2 dx
� � Z

Rm
juj2jFff gðuÞj2 du

� �
Z

m2

4
;

where Fff g is the Fourier transform of f given by (3).

Furthermore when m¼1, this reduces to the classical
uncertainty principle [10] for complex-valued signal.

Corollary 4.2. For a complex valued signal f AL1ðR;CÞ, if f ; f ′
and xf ðxÞAL2ðR;CÞ, thenZ 1

�1
x2jf ðxÞj2 dx

� � Z 1

�1
u2jFff gðuÞj2 dðuÞ

� �
Z

1
4
:

Remark 4.1.
(i)
 Note that these uncertainty relations (Theorems 4.1
and 4.2) are consistent for the complex-valued signals
(m¼1). While Theorem 4.2 formulates a direc-
tional uncertainty principle for complex paravector-
valued signals and Theorem 4.1 gives the spatial
case.
(ii)
 Note that many studies of uncertainty principles in the
Clifford algebra, most of the researches cannot be reduced
to the 1D (m¼1) case, for instance [26,27,41,42].
Finally we prove that the standard deviation does not

depend on the mean because it is defined as the broadness
about the mean. We then obtain the general results for the
uncertainty relations.

Theorem 4.3. For k¼ 1;…;m, suppose unit energy signal
f AL1ðRm;Cmþ1Þ, ukLff g, xkf and ∂f =∂xkAL2ðRm;Cmþ1Þ, then
we have
(i)
 Z
Rm

ðxk�〈xk〉Þ2jf ðxÞj2 dx
� �

�
Z
Rm

ðuk�〈uk〉Þ2jLff gðuÞj2 du
� �

Z
b2

4
;

(ii)
 Z
Rm

jx�〈x4 j2jf ðxÞj2 dx
� �

�
Z
Rm

ju�〈u〉j2jLff gðuÞj2 du
� �

Z
b2m2

4
:

Furthermore, equalities of (i) and (ii) are achieved
when

f ðxÞ ¼ C0 exp �1
2
ðα1x21þ⋯þαmx2mÞ

� �
;

where 〈xk〉; 〈x〉; 〈uk〉; 〈u〉 are defined by (11), (12), (13)
and (14), respectively, the constants αk are positive real
numbers and C0 ¼ ðα1⋯αm=π2Þ1=4.
Proof. The proof of part (i) works very similar to the
classical case in the complex plane. We therefore do not
repeat it here.
To prove (ii), if we take a signal f that has zero mean

space (12) and zero mean frequency (14), we want a signal
of the same shape but with particular mean space 〈x〉 and
frequency 〈u〉, then a new signal can be defined by

gðxÞ ¼ eið1=bÞ〈x�〈x〉;〈u〉〉eiða=bÞ〈x ;〈x〉〉f ðx�〈x〉Þ:
ThereforeZ
Rm

jx�〈x〉j2jgðxÞj2 dx ¼
Z
Rm

jx�〈x〉j2jf ðx�〈x〉Þj2 dx

¼
Z
Rm

jxj2jf ðxÞj2 dx;

andZ
Rm

ju�〈u〉j2jLfggðuÞj2 du ¼
Z
Rm

ju�〈u〉j2jLff gðu�〈u〉Þj2 du

¼
Z
Rm

juj2jLff gðuÞj2 du:

Here we use the property jLfggðuÞj ¼ jLff gðu�〈u〉Þj. In fact,
by Eq. (5), we have

jLfggðuÞj ¼
Z
Rm

gðxÞKðx;uÞ dx



¼

Z
Rm

eið1=bÞ〈x�〈x〉;〈u〉〉eiða=bÞ〈x ;〈x〉〉f ðx�〈x〉ÞKðx;uÞ dx


¼

Z
Rm

f ðx�〈x〉ÞKðx�〈x〉;u�〈u〉Þdx


¼ jLff gðu�〈u〉Þ :j
Applying Theorem 4.2 to the zero mean space and freq-
uency signal f, it completes the proof. □

5. Example

Consider the complex paravector-valued signal

f ðxÞ ¼ s
jsþxjmþ1e

�iða=2bÞx2
; s40:

Obversely, ð1=J f J L2 Þf ðxÞ is unit energy. By Lemma 3.1,
we have

L f
� �ðuÞ ¼ 1ffiffiffiffi

bı
p eiðd=2bÞu

2
F

s
jsþxjmþ1

� �
u
b

� �
:

Direct calculation shows that

F
s

jsþxjmþ1

� �
ðuÞ ¼

ffiffiffi
π

pffiffiffiffiffiffi
2m

p
Γðmþ1

2 Þ
e�sjuj:

Moreover

1
J f J2L2

Z
Rm

xj2
 f ðxÞj2 dx ¼ 1

J f J2L2

Z
Rm

s2jxj2
jsþxj2mþ2 dx
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¼

R
Rm

jxj2
jsþxj2mþ2 dx

R
Rm

1
jsþxj2mþ2 dx

¼ s2

and

1
J f J2L2

Z
Rm

uj2
 L f

� �ðuÞj2 du ¼ 1
JLff gJ2L2

Z
Rm

juj2jL f
� �ðuÞj2 du

¼ b2
R
Rm jt j2e�2sjt j dtR
Rme�2sjt j dt

¼ b2

4s2
Γðmþ2Þ
ΓðmÞ ¼ b2ðmþ1Þm

4s2
:

Therefore

1
J f J2L2

Z
Rm

xj2
 f ðxÞj2 dx

 !
1

J f J2L2

Z
Rm

uj2
 L f

� �ðuÞj2 du
 !

¼ b2
mðmþ1Þ

4
Z

b2m2

4
:

Thus the unit energy complex paravector-signal f is indeed
satisfied the uncertainty Theorem 4.2.
6. Conclusion

In this paper we developed the definition of Clifford
LCT. The various properties of LCT such as partial deriva-
tive, Plancherel and Parseval theorems are established.
Using the well-known Plancherel theorem, we established
two uncertainty principles for hypercomplex signals in the
LCT domains. The first principle (Theorem 4.1) states that
the product of the variances of multivector- (complex
paravector-)valued signals in the spatial and frequency
domains has a lower bound. While the second principle
(Theorem 4.2) states the directional case. It is shown that
only a m-D Guassian signal minimizes the uncertainties.
With the help of these principles, they are useful in the
time–frequency analysis, developing sampling theory in
the m-D case, filter design, signal synthesis and optics.

We also note that the present theory can be generalized
to complex Clifford- (Cl0,m-)valued signals without diffi-
culties. Further investigations on this topic are now under
investigation and will be reported in a forthcoming paper.
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