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1. Introduction and
Uncertainty principle in the time-frequency plane oli= / (0—(@))? U?(w)l2 do,
plays an important role in signal processing [14,17,22,23, 7°.°
32,38,44,45,47,54,55,60]. This principle states that for a respectively. Here
given unit energy signal f{(t) with Fourier transform (e /oo WO dt
¢ - 1 *© —iwt I
flw)= om [ Oof (D" dt, is the mean time and
the product of spreads of the signal in time domain and (w)= /OO (,,[f(m)|2 dw

frequency domain is bounded by a lower bound:
is the mean frequency. Without loss of generality, let

afai > ‘11 @) (ty=0 and (w) =0, then the essence of uncertainty princi-
ple (1) will not be affected. The reason is that the standard
where ¢; and o, are the duration and bandwidth of derivation does not depend on the mean because it is
a signal f(t) defined by defined as the broadness about the mean [10,18]. Conse-
o quently, Eq. (1) becomes
o2 / (OO dt eo o 1
-0 (/ 2Uf ()2 dt) (/ o?|f (w)? dw> >4
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The linear canonical transform (LCT) being a generalization
of the Fourier transform (FT), the fractional Fourier transform
(FrFT) and the Fresnel transform [48,44], was first proposed
in the 1970s by Moshinsky and Collins [13,43]. It is an
effective processing tool for chirp signal analysis, such as
the LCT filtering [21,49,58], the parameter estimation and
sampling progress for non-bandlimited signals with non-
linear Fourier atoms [37]. The windowed LCT [35], with a
local window function, can reveal the local LCT-frequency
contents, and it enjoys high concentrations and elimi-
nates cross terms. The analogue of the Poisson summation
formula, sampling formulas, series expansions and Paley-
Wiener theorem is studied in [35,36]. Serving as a powerful
analyzing tool, LCT has been widely used in many fields
such as optics and signal processing [3,43,50,57]. Recently,
researchers discussed the uncertainty relations for FrFT
[44,49,54] and LCT [36,55,53,56] and tried to derive sharp
uncertainty principle bounds for them. A stronger uncer-
tainty principle in LCT involving the phase derivative of the
signal was discussed in [15].

In view of numerous applications, one is particularly
interested in higher dimensional analogues to Euclidean
space R". Higher dimensional extensions of the LCT have
been studied, for instance, in [33,34]. The LCT is first
extended to the Clifford algebra Cly,, (see the notation in
Section 2) in [34]. It is used to study the generalized
prolate spheroidal wave functions and the connection with
energy concentration problems [34]. The present work
develops the definition of LCT (see Definition 3.1 in Section
3) which uses the imbedding of R™ into the (complex)
Clifford algebra Cly,,,. The Clifford algebra Cly,, provides
R™ with a global complex structure in analogy with the
imbedding of R into the complex plane C. Under this frame
we present in this note the precise analogue of the
classical Heisenberg uncertainty principles in linear cano-
nical domains which have been targeted by others.

In Hamiltonian quaternion analysis some papers com-
bined the uncertainty relations and the quaternionic Fourier
transforms (QFTs) [2,7,25,46]. Due to the non-commutative
property of multiplication of quaternions, there are differ-
ent types of QFTs: double-sided (two-sided) QFT, left-sided
QFT and right-sided QFT. The QFT plays a vital role in the
representation of hypercomplex signals. It transforms a real
(or quaternionic) 2D signal into a quaternion-valued fre-
quency domain signal. The four components of the QFT
separate four cases of symmetry into real signals instead of
only two as in the complex Fourier transform. In [52] the
authors used the QFT to proceed color image analysis. The
paper [6] implemented the QFT to design a color image
digital watermarking scheme. The QFT are applied to image
pre-processing and neural computing techniques for speech
recognition [5]. It is well-known that the Plancherel theo-
rem is not valid for the double-sided or the left-sided QFT
[2]. For this reason, many studies focus on the right-sided
QFT. In [19,20], certain asymptotic properties of the (right-
sided) QFT are analyzed and generalizations of classical
Bochner-Minlos theorems to the framework of quaternio-
nic analysis are derived. The uncertainty principle for the
(right-sided) QLCT, the generalization of the (right-sided)
QFT in the Hamiltonian quaternion algebra, is recently
derived in [33]. In 2010, Hitzer [25] studied the + split of

quaternions and its effects on the double-sided QFT. Based
on this he formulated the directional uncertainty principle
for QFT of quaternion-valued 2D signal. The QFT belongs
to the growing family of Clifford Fourier transformations.
But the left and right placement of the exponential factors
in quaternion Fourier kernel distinguishes it. Therefore
the (double-sided) QFT [25] is not the special case of
Clifford FT [26].

In Clifford algebra, Hitzer et al. [26,27,41,42] investigated
a directional uncertainty principle for the Clifford Fourier
transform, which describes how the variances (in arbitrary
but fixed directions) of a multivector-valued function and its
Clifford Fourier transform are related. In [26,27], the research
was studied for the Clifford- (Cly,, m = 2,3 (mod 4)-)valued
signals, while the latter [41,42] focused on the octonion-
(Clo3-)valued signals. Using the scalar-valued phase deriva-
tive of hypercomplex signals [62], two uncertainty principles,
of which one is for scalar-valued hypercomplex signals and
the other is for axial form hypercomplex signals, for Fourier
transforms were studied in [61]. To the best of our knowl-
edge, a systematic work on the investigation of uncertainty
relations using the LCT of a paravector- (multivector-)valued
function has not been carried out yet.

In the present work, we study the LCT in Euclidean
space which transforms a paravector-valued space signal
into a complex paravector-valued frequency signal. Some
important properties of the LCT are analyzed. Two uncer-
tainty principles for the LCT of complex multivector-valued
signals are established. These uncertainty principles pre-
scribe the lower bounds on the products of the effective
widths of complex multivector-valued signals in the
space and frequency domains. The main motivation of
the present study is to develop further general methods
for time-frequency analysis, developing sampling theory
in the m-D case, filter design, signal synthesis and optics in
the Clifford algebra. We note that the present theory for
the paravector- (multivector-)valued signals can also be
generalized to the complex Clifford- (Clp ,,-)valued signals
without difficulties.

The article is organized as follows. In Section 2 we provide
the basic knowledge of Clifford algebra used in the paper.
Then the LCT of complex paravector-valued signal is intro-
duced and studied in Section 3. Some important properties
such as Parseval theorem are obtained. They are necessary to
prove the uncertainty principle in the LCT domain. In Section
4 we formulate and prove the classical Heisenberg uncer-
tainty principles for the LCT of complex paravector-valued
signal. These principles prescribe lower bounds on the
products of the effective widths of paravector-valued signals
in the time and frequency domains. We give an example to
verity the result in Section 5. Some conclusions are drawn in
Section 6.

2. Clifford algebra

The theory of Clifford algebras is intimately connected
with the theory of quadratic forms and orthogonal trans-
formations. They generalize the real numbers, complex
numbers, quaternions and several other hypercomplex
number systems [11,12]. Clifford algebras have important
applications in a variety of fields including geometry,
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theoretical physics and digital image processing. They
are named after the English geometer William Kingdon
Clifford [11,12]. In the present section, we begin by
reviewing some definitions and basic properties of Clifford
algebra [9,16].

For all what follows we will work in R™ (C™), the usual
Euclidean space (several complex variables space). This
means we can express each element x e R™(C™) uniquely
in the form:

X=X1€1+--+xXmem, XeRO) (=1,2,--,m)

where the units e,...,e, are basic elements of R™(C™)

satisfying
e2=-1 and ee=-ee, i#j (ij=12--,m).

The real (complex) Clifford algebra generated by
e,ey,...,ey, denoted by Cly ., is the associative algebra
over the real (complex) field R (C). Clearly, it is non-
commutative. A general element in Cly, ,, therefore, is
of the form x= ZSXSeS- XseR (C) and € =¢; €€,
and S runs over all the ordered subsets of {1,2,...,m},
namely S={1<i;<i;<--<ij<m}, 1<Il<m. The con-
jugation of es is defined by €s:=e;---€;1,€;=—e;. So the
Clifford conjugate of a vector x eR™ is X = —x, while
the Clifford conjugate of a complex vector x e C" is X =
_ﬂel _..._mem_

The real (complex) paravector space R™+1(C™*1) is the
linear subspace defined by

R™1(C™ " i=spang {1, ei,....em} € Clom,

with elements of the form x:=xq+X,xp€R(C) and x e
R™(C™). The scalar and vector parts of x, Sc (x) and Vec
(x), are defined as the xo and x terms, respectively. We shall
always assume the paravector 0+0e; +---+0e;:=0 to be
the neutral element of addition in the sequel.

The multiplication of two complex paravectors x = Xg +X,
y=Yo+y eC"" ! is given by

Xy = (Xo+X)(YVo+Y) =XoYo+X0Y +YoX +XY.
In particular, for y =X =x;+x ¢ C"*', we have

XX = XO)Ya +X0)_7+)?6§ +XX
= (XoXg +X - X)+(XoX +X5X)+X A X,

where X -X =X1X1 +X2X3 + - +XmXm and XAX = Zk ;éij?]T
eké There are three parts, the scalar part XoX5+X - X, the
vector part Xox +XgX and the bi-vector part x A X.

Unlike in the complex case, the norm |x| of xeC™ ! is
defined by

X1 = V/SC00) = /5) = \/ ol + 11 4+ bl
Let us make a notation convention. We say that

fiRTSC™L 0 fX) = [f(0l X)) €1 + - +[f ()] nem

ia a complex paravector-valued function or, briefly, an
C™+1_valued function, where the components [f], (=0,
1,...,m) are complex-valued functions defined in R™.
Continuity, differentiability, integrability, and so on, which
are ascribed to f are defined componentwise. We will work
with both the real- (respectively, complex-)linear Hilbert
space of square integrable R™*'- (C™*!-)valued func-
tions defined in R™, that we denote by L[>(R™:R™*')

(L2R™;C™*1)). In this assignment, the inner products are
defined by

(- &)z 1)= /R J®ex) dx
and

(-8 cnry= [ ST dx. @

Remark 2.1. We use different inner products for functions
in 2R™;R™* 1) and [*>(R™;C™*"). The reason is that, for
the real paravector-valued function f, the product ff is
real-valued. Then the norm can be defined as the usual L?
norm as fllzgmgne1y=(f.f). While, for the complex
paravector-valued function f, the product ff in general is
no longer real-valued. In order to satisfy the properties of
norm, we adapt the scalar part to define the inner product
in [2R™;C™+ 1,

Denote the module by
L](Rm;cm+])z={f -R™ _)cm+1|
X HfHLl(Rm_Cm+1) =/ [f(§)| dx < 00}.
; -

If fel'(R™;C™*1), then the Clifford Fourier transform of
fis defined by

G — / fae i 3
(2 "

where (X, &)=Xx1&;+ -+ +Xm&y is the usual inner product

in Euclidean space R™. The well-known Plancherel theo-

rem for Fourier transform of square integrable signals
fe>R™;C™*1) holds

[ ScE@ dx= [ ScFi1eFEI@) de

If f=g, the Parseval theorem is obtained:

[ reodx= [ IR )
JR™ JR™

To simplify matters further we shall study the unit energy
C™*1_valued signals, that is If Il 2 gmeme1y = 1.

Remark 2.2. In [26], the (real) Clifford Fourier transform
has an isomorphism with the classical Fourier transform
(3) in Euclidean space R™. The reason is that its Clifford
Fourier kernel e "% (i, = e e,---e,) can commute with
every element of Clpn,, m=3(mod 4). The Clifford Fourier
transform [26] maps real Clifford-valued space signals into
real Clifford-valued frequency signals. While the Fourier
transform (3) maps real Clifford-valued space signals into
complex Clifford-valued frequency signals.

3. Linear canonical transforms of hypercomplex
signals

The LCT, being a classical object of analysis, occupies
a special place in signal processing and optics [57,58,49].
It has more degrees of freedom and is more flexible than the
FT and the FrFT, but with similar computation cost as the
conventional FT [24,31]. Due to the mentioned advantages,
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it is natural to extend it to higher dimensional spaces. Higher
dimensional extensions of the LCT has been studied in
[33,34]. We use the special case of the LCT in [34].

Definition 3.1. Let

ab 22
A_<C d)eR

be a matrix parameter such that det(A)=1. The LCTs of
hypercomplex signals f e L'(R™; C" ') are defined by
L [0 f(x)ei(@/20x* ~(/beu) +d/2bu*) gy b = 0;
L= VernE
Vel /¥ f(du): b=o.
and, if L{f} e L'(R™; C™*1), the inverse LCTs are defined by
N N —i(@/2b)x ~(1 /b)) +(d/2b)u?) - .
L HfY )= \/WJR'"f@e R PTEEOd; b#0;
h Vdeld/2u’ f(dy); b=o0.

Note that for b=0 the LCT of a signal is essentially a chirp
multiplication and it is of no particular interest for our
objective in this work. Hence, without loss of generality, we
set b # 0 in the following sections unless stated. Therefore

Lpw = [ feokew dx (5)

with the kernel function

KX, u)= el((@/2byx* ~(1/b)x.u) +(d/2byu?) dx, b#0.

1
V2r)™b
(6)

It is significant to note that when a=d=0, b=1, the LCT
of f reduces to the FT of fin R™. That is

Lifyw) = ﬁ A e e dx = \%F {fiw.

where F{f} is the FT of f given by (3).
Furthermore, they have the following close relationship.

Lemma 3.1. Let

ab 2x2
A_<C d)eR

be a matrix parameter such that det(A)=1 and b # 0. Let
fel'(R™;C™*1), then

L{ftw= %Ee“d/Zb)HZF{f etz (). (7)

Proof. By the definition of L{f} in (5), a direct computation
shows that

Lfw = [ feoKe.w ds

_ (zl)mb F(x)ei@/202—(1 /b)) +d/2bu?) gy
\ (2em 1JR"

_ 1 Flx)eita/2bx ) e-itxu/b) gy

1
=5 e
= jﬁeiwzbwz 1:{ el } <%> ‘

Therefore the result (7) follows. ©

Remark 3.1. Since the classical FT (3) is the special case of
LCT (5) and the (real) Clifford FT [26] has an isomorphism
with the FT (3), the present definition of LCT (5) gener-
alizes the (real) Clifford FT [26].

We then establish the Plancherel theorem for LCT of
hypercomplex signals.

Theorem 3.1 (Plancherel theorem). If f,,f, € L>(R™;C™+1),
then

(flsz)LZ(R”‘;c'“ Hy = <L{f1 1, L{f2}>L2(R”‘;cm 1y

Particularly, if f{=f,=f, then the Parseval theorem is
obtained. That is

1f 2 gmem 1y = IL{F I 2 gmgm 1,

Proof. By the inner product (2) and (7) in Lemma 3.1,
we have

LD e, = [ Se(UAIWITIW) du

= ./msc ( {%ei(d/Zb)ng{fl (&)ei(ﬂ/%)xz } (%)}

1 i u? i(a/2b)x? u
% L/_b—ie (/2002 F f, (x)ei@/20) }(E)D du.

Since the complex value (1/v/bi)ei@2b%* computes with
any paravector-valued signals, the above becomes

LU LD g ene)
= .Am Sc <F{f1 (x)ei(@/2bx? } (%) m) d (%)

:/ Se (I ()€ /2N ()62 ) dx
-
= '/RmSC<f1(X)@) dx = (fl’f2>L2(R’";C"’“)»
where we have used the Plancherel theorem of Fourier
transforms of fin L>(R™;C™*1). o

Theorem 3.1 shows that the total signal energy com-
puted in the time domain equals to the total signal energy
in the frequency domain, and the change of domains for
convenience of computation.

To proceed with, we prove the following partial deriva-
tive properties.

Lemma 3.2. For k=1,...,m, if f and of /ox; e L'(R™;C"* 1),
then

7} : 5 . . X
F{a_)q([f(&)el(a/zb)g( ]}(ﬂ) — lukF{f(&)el(a/Zb)g }(E) @)

Proof. Applying the integration by parts and complex
value —iu, computes with any paravector-valued signals,
we obtain

9 Fx)eia2bn?
P treod ' b
1

Qo)™
1
T Qn)™.

/ . %tf(&)e“ﬂ/zb)f]e*i@’” dx
mOXk

/ (—iuy)f (x)ei@/20* eix) gy
R™
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= iy Ff e @ yw). O

Lemma 3.3. For k=1,....m, suppose feL'(R™;C"*),
uL{f} xof and of Jax, e L>(R™; C™* 1), then

2 20012 [ ]9 fay_i® 2
/Rmuk L{ff@)* du=Db /Rm‘axkf(g) ipxf (0] dx. 9

Proof. By (7) in Lemma 3.1, we have

[ a

2

1 b2 ica/2b2 | (Uk
\/ﬁe F{f(&)e }—) du

= / mui b
o [ P ()2

=0 [ 10 Fe0e 0 de

—b? [ litFUF0et e 0P d.

Applying (8) in Lemma 3.2 and Parseval theorem of Fourier
transform of 9/ax,[f(x)ei@/2D%*], we obtain

4 i(a/2b)x? 2
Jiiroe du=p [ F{ 2 feoete=) o) dr

=b2/
=b2/
JR™

Lemma 3.4. Iffand g e [>(R™; C"* 1), the Schwarz's inequa-
lity holds

}l{/l{mSc(fg—o—gf) d;c}z < IfI2ugl?. (10)

0 : 2 2
—[f(x)el¥2Px"] dx

OXy

2
dx. O

7] .a
ka (K)*lgxlcf (%)

Proof. For any real number ¢, we have
0< lIf+egl?
= [ Se(¢+ean+eg) dx
R™

:/Rmsc(ff) d&+s/RmSc(f§+gf) dg+gz/Rmsc(g§) dx.

Then we have

[[ scrgeapax) —a( [ sc(i) ax) ([ semx) <o

Then

%{/Rmsc(ngrgf) d;c}z < If12Igh2.

This completes the proof of (10). ©

Remark 3.2. For the complex-valued functions fand g, we
have

W scsgrapax) =3 [ scgegmax)

. 2
={/ Sc(fg)dg} <IfiI2ugi2.
JR™
That is
Sc(fg +&f ) = 25¢(fg).

While in the complex paravector-valued functions f and g,
we have

Sc(fg +gf) # 2Sc(fg).

We are now in the heart of the matter.

4. Uncertainty principles

In signal processing much effort has been placed in
the study of the classical Heisenberg uncertainty principle
during the last years. To our knowledge, a systematic work
on the investigation of uncertainty relations using the LCT
of hypercomplex signal is not carried out.

In the following we explicitly prove and generalize the
classical uncertainty principle to Clifford module functions
using the LCTs. We also give an explicit proof for Gaussian
signals (Gabor filters) to be indeed the only signals that
minimize the uncertainty.

First, we assume signals that have zero mean spaces:

0= (= | xdfGoP d ()
and

0= <;<>=:/Rmxtf(x)\2 dx. (12)
Furthermore, zero mean frequencies:

0= (=[P du (13)
and

0= =/ ullifia du (14)

Let us now begin the proofs of two uncertainty relations.

Theorem 4.1. For k=1,...,m, suppose unit energy signal
feLl'®R™;C™ Y, u Lif), xf and of /ox, e LXR™;C" 1), then

2
([reor ax) ([ uiinar du) =5 as)
RV“ Rm

and equality is achieved when

1
0= Co exp gt + - andy) ). a6)
where o are positive real constants and Co = (ay -+-am/x2)"/4.

Proof. Applying (9) in Lemma 3.3, and Schwarz's inequal-
ity (10), we have

([ wcor ax) ([ it du)

=57 bl ) ([ 2 feo-iguseol ay

oXy
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bZ
=g

/ Sc <ka (X)W

2
dx| . 17

0 .a
+ {@f (K)*lgxkf(&)} xf (&))

By direct calculation,
Se [ %) |- f—itxf
[ se(xef0 | Feo-igufeo)

+ {%kf(x)—igxkf(z)} W) dx

= | | se( g eom+iproore
Jese(| e
{—(f(X))f(X)xk—l X,f(X)f(X)D

= —— Fx)dx)— 2
= “/RmSc(axk(ka(K)f()_C)dg) ./R"' [Fx)2) dx
=t (18)

The first term of (18) is a perfect differential and integrates
to zero. The second term gives one half since we assume
the signal is unit energy. Therefore we have the result (15)
follows.

Since the minimum value for the uncertainty product
is b*, we can ask what signals have that minimum value.
The Schwarz's inequality (17) becomes an equality when
the two functions are proportional to each other. Hence
we take

7] .a
- f(x) = @f (X)—Epxif (X).
where C is an arbitrary constant. Solving this differential
equation, we get

s = o exp( 5[ (Cr-igh -+ (coif) ] ).

where Cp is a constant of integration. In order to make
feLl'(R™;C™*1), C can be chosen such that

.a
al<==Ck—lE,

where «; is positive real constant.
fx)=Co exp(—3a1x3 + -+ +amx?)), (19)

The value of Cy can be found out by noting that f must be
unit norm. That is

Thus, f(x) given in (19), which satisfies the Cauchy-
Schwarz inequality (17), turns out to be a Gaussian func-
tion and the theorem is proved. ©

Since the Gaussian function f(x) of (19) achieves the
minimum width-bandwidth product, it is theoretically
a very good prototype wave form. One can therefore
construct a basic wave form using spatially or frequency
scaled versions of f(x) to provide multiscale spectral
resolution. In quaternion analysis, such a wavelet
basis construction derived from a Gaussian function
prototype wave form has been realized, for example, in
the quaternionic wavelet transforms in [4]. The optimal

space-frequency localization is also another reason why
2D (lifford-Gabor bandpass filters were suggested in [8].

We now derive a new directional uncertainty principle
for complex paravector-valued signals subject to the linear
canonical transformation.

Theorem 4.2. For k=1,...,m, suppose feL'(R™;C™*1),
uL{f}, xf and of Jox, e 2(R™; C™* 1), then

2.2
([wereorax) ([ wewnwe an) =235 o
R™ R™

and equality is achieved when f is a Gaussian function, i.e.,

1
60 = Co exp( —y(ansh-+tansh ). @
where oy are positive real constants and Co = (a1 --am /n2)"/4.

Proof. Applying (9) in Lemma 3.3, we have

PR dx ) [ wliLfia? du
R R

— <Am kg:lxﬁlf(&)ﬁ dg) (Amjr:znjl 2L WP clg)
= bz/w (él \xk|21f()_<)|2> d;_(/m (,-i

/ (% 2ol ) (Z ‘ 2 f-iggfeo

d .a
a—xjf ®)—ip if ()

2

)+
N 12 2
)"

(22)

> b?

where we have used the Schwarz inequality of square
integrable real value signals. For i=1,...,m, the Schwarz
inequality of paravector-numbers s; and ¢t; is given by

2 <§ |sj|2> < ) |tk|2>. 23)
ish k=1

Equality holds if and only if s, and ¢, are linearly depen-
dent. One has
2) 1/2

1 B
3 421 SC(Sitj +ti5i)
i=

1/2
m m a .
(k; X; lf(X)|2> (_Z] ’a—&f(z)—ngx,-f(&)

= Sc(xu‘(x)( e 00-Tgaf0)

+
TR
><|m —_
=

() n—x,J(x)) (xkf(z)))

.—IN\.—A

Sc (xkf(;c)@ (f@) +£k(f<;c>)xk@ )

=~

ERINSE!

3. se( o) £ ) ). 24

Therefore (22) becomes

(/ x| Lf(x)|2dx) (/ u I )P du) b24 g

We finally show that equality in (22) and (24) are satisfied
if and only if f is a Gaussian function given by (21).

Schwarz's inequality (10) of real valued signals becomes
an equality when the two functions are proportional to
each other. Hence we have

~Cxf () = S G-
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where C, is an arbitrary constant. Solving this differential
equation, we get

1
fx)=Coexp <*§(01X% +- +amxﬁ1)>,

where ¢ are positive real constant and

()"

Thus, f(x) given by (21), which satisfies the Cauchy-
Schwarz inequality (17), turns out to be a Gaussian func-
tion and the theorem is proved. ©

When a=0, b=1, we have

Corollary 4.1. For k=1,2,...m, if fel'®R™C" 1), xf

and of /ox; e L>(R™; C™* 1), then

2 2 2 2 m?
([ wircor dx) ([ weiria? du) ="

where F{(f} is the Fourier transform of f given by (3).

Furthermore when m=1, this reduces to the classical
uncertainty principle [10] for complex-valued signal.

Corollary 4.2. For a complex valued signal f e L' (R; C), if f,f’
and xf(x) e L*(R; C), then

((/;:lef(X)Iz dx) (/7 W2|F(f)w)? d(u)) }1

Remark 4.1.

(i) Note that these uncertainty relations (Theorems 4.1
and 4.2) are consistent for the complex-valued signals
(m=1). While Theorem 4.2 formulates a direc-
tional uncertainty principle for complex paravector-
valued signals and Theorem 4.1 gives the spatial
case.

(ii) Note that many studies of uncertainty principles in the
Clifford algebra, most of the researches cannot be reduced
to the 1D (m=1) case, for instance [26,27,41,42].

Finally we prove that the standard deviation does not
depend on the mean because it is defined as the broadness
about the mean. We then obtain the general results for the
uncertainty relations.

Theorem 4.3. For k=1,...,m, suppose unit energy signal
fel'R™, C™ Y, u Lif), xf and of Jox, e 2R™; C" 1), then
we have

( [ - arfeor dx)

( / (e— () ?IL )P du) %

</Rm X—x > PP d&)

b?m?
2 2
X(,/leu—mn ILifyw)| dg)z "

(1)

(ii)

Furthermore, equalities of (i) and (ii) are achieved
when

1
f(x)=Co exp (—i(alx% + ~~+amx?n)),

where (x;), (x), (U, {u) are defined by (11), (12), (13)
and (14), respectively, the constants oy are positive real
numbers and Co = (a1 ---am /%)%,

Proof. The proof of part (i) works very similar to the
classical case in the complex plane. We therefore do not
repeat it here.

To prove (ii), if we take a signal f that has zero mean
space (12) and zero mean frequency (14), we want a signal
of the same shape but with particular mean space (x) and
frequency (u), then a new signal can be defined by

g(x) = ei(l/b)@f(z),(u»ei(a/b)(yy)f(x_<X>).

Therefore
/t x—(x)*|gx)|* dx = / lx—(X) [ If (x—(x))I* dx
JR™ JR™
=/ XI2Ifx)1? dx,
-
and

/ lu— ) PILg) )2 du = / u— (W)LY u— )P du
R™ R™
= /R uPILfy @) du.

Here we use the property |L{g}(u)| = |L{f}(u—))|. In fact,
by Eq. (5), we have

IL{g}(w)| = ‘ /R L 8OK(x,u) dx

_ / i(1/D)—(0).0)) i@/ D). i (x — (X VK (%, 1) dX

= | [ ook,
= L{f}u—(u))l.

Applying Theorem 4.2 to the zero mean space and freq-
uency signal f, it completes the proof. ©

5. Example

Consider the complex paravector-valued signal

_ e—i(a/2byx?
f&) = |5+X|m+] , s>0.

Obversely, (1/IIfll,2)f(x) is unit energy. By Lemma 3.1,

we have
1 . 2 S u
1 /2 F{i} uy
Vhi |s+x|m+! <b>

L{fiw =
Direct calculation shows that

S V7 o—slul_
F{\swl’““}@ V2Tr(mELy

Moreover

nfnz/m

x?[fx))? dx

/ PP
ufu RS +X[2MH2
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Ix|?
_me|S+X|2m+2 = 52
= 5 =
me|S+X|2m+2 =
and
! /|u|2\L{f}(u)|2du=¥/ lu?IL{f }w)* du
If 1% Jre'™ LA R A
D fgultPe B dt B> ram+2) _b*(m+1m
T JgmeFldr 482 r(m) 42
Therefore

1 2 2 1 5 ,
<|f”§z/R"’|&| & d>_<> (Iffz/lzmml Hrh dﬂ)

_ bzm(m+1) - b’m?
4 = 4
Thus the unit energy complex paravector-signal f is indeed
satisfied the uncertainty Theorem 4.2.

6. Conclusion

In this paper we developed the definition of Clifford
LCT. The various properties of LCT such as partial deriva-
tive, Plancherel and Parseval theorems are established.
Using the well-known Plancherel theorem, we established
two uncertainty principles for hypercomplex signals in the
LCT domains. The first principle (Theorem 4.1) states that
the product of the variances of multivector- (complex
paravector-)valued signals in the spatial and frequency
domains has a lower bound. While the second principle
(Theorem 4.2) states the directional case. It is shown that
only a m-D Guassian signal minimizes the uncertainties.
With the help of these principles, they are useful in the
time—frequency analysis, developing sampling theory in
the m-D case, filter design, signal synthesis and optics.

We also note that the present theory can be generalized
to complex Clifford- (Clo,-)valued signals without diffi-
culties. Further investigations on this topic are now under
investigation and will be reported in a forthcoming paper.
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